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ABSTRACT
In the problem of steady free-fall onto a standing shockwave around a central mass,
the “antesonic” condition limits the regime of stable accretion to c2T /v
2
esc ≤ 3/16,
where cT is the isothermal sound speed in the subsonic post-shock flow, and vesc is
the escape velocity at the shock radius. Above this limit, it is impossible to satisfy
both the Euler equation and the shock jump conditions, and the system transitions
to a wind. This physics explains the existence of a critical neutrino luminosity in
steady-state models of accretion in the context of core-collapse supernovae. Here, we
extend the antesonic condition to flows with rotation and turbulence using a simple
one-dimensional formalism. Both effects decrease the critical post-shock sound speed
required for explosion. While quite rapid rotation is required for a significant change
to the critical condition, we show that the level of turbulence typically achieved in
supernova simulations can greatly impact the critical value of c2T /v
2
esc. A core angular
velocity corresponding to a millisecond rotation period after contraction of the proto-
neutron star results in only a ∼5 per-cent reduction of the critical curve. In contrast,
near-sonic turbulence with specific turbulent kinetic energy K/c2T = 0.5 − 1, leads
to a decrease in the critical value of c2T /v
2
esc by ∼ 20 − 40 per-cent. This analysis
provides a framework for understanding the role of post-shock turbulence in instigating
explosions in models that would otherwise fail and helps explain why multi-dimensional
simulations explode more easily than their one-dimensional counterparts.
Key words: accretion – hydrodynamics – shock waves – supernovae: general
1 INTRODUCTION
A core-collapse supernova is initiated when the iron core of a
massive star begins to collapse under its own gravity, begin-
ning a runaway accretion process that is only halted when
the core reaches nuclear density. The sudden stiffening of
the equation of state launches a shock wave into the accret-
ing fluid, which loses energy as it moves outward, eventually
stalling at a radius of a few hundred kilometers. The cen-
tral problem in supernova theory is explaining under what
conditions, and by what mechanism, the shock is revived to
produce a successful supernova.
Burrows & Goshy (1993) quantitatively explored the
concept of the critical condition for explosion. They showed
that a spherically-symmetric accretion flow onto a standing
accretion shock, subject to optically thin neutrino heating
and cooling, only has a steady-state solution below a crit-
ical core neutrino luminosity Lν,crit, which is a function of
the mass accretion rate M˙ , as well as the proto-neutron star
(PNS) mass M and radius R. Since then, numerical stud-
ies of the critical condition in time-dependent simulations
have shown that the critical neutrino luminosity at a given
M˙ is generally lower in 2D (axisymmetry) and 3D than in
1D (spherical symmetry) (Murphy & Burrows 2008; Murphy
& Dolence 2017), though higher in 3D than in 2D (Couch
2013a; Takiwaki et al. 2014). Other simulations have investi-
gated the critical curve with rotation (Iwakami et al. 2014),
finding that rotation can drive a model to explosion even
if the neutrino luminosity is below the “critical” value sug-
gested by non-rotating simulations (Yamasaki & Yamada
2005). Work has also been done on explosion criteria that
more directly ties the success or failure of explosion in simu-
lations to characteristics of the progenitor models (Ugliano
et al. 2012; Pejcha & Thompson 2015; Sukhbold et al. 2016),
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including the core compactness (O’Connor & Ott 2011) and
the M4 mass (Ertl et al. 2016).
Pejcha & Thompson (2012) showed that a critical con-
dition similar to that of Burrows & Goshy (1993) can be
derived for an isothermal equation of state in the post-shock
accretion flow, where the ratio of the isothermal sound speed
cT to the escape velocity at the shock is the controlling
parameter. Above a critical value of c2T /v
2
esc = 3/16, it is
impossible to simultaneously satisfy the time-steady Euler
equations and the shock-jump conditions (see §2). Pejcha
& Thompson (2012) also showed that this physics deter-
mines the critical condition in the more complete problem
of Burrows & Goshy (1993), and that the antesonic con-
dition is not identical to the heuristic condition that the
timescale for advection of matter through the gain region
τadvection equals the heating timescale τheating (e.g., Thomp-
son et al. 2004). Pejcha & Thompson (2012) hypothesized
that, in a time-dependent simulation, an accretion flow that
exceeded the antesonic condition would dynamically tran-
sition to a thermally-driven wind. This predicted behavior
was verified in time-dependent simulations by Gabay et al.
(2015); Raives et al. (2018).
The applicability of the antesonic condition to the
less idealized accretion flows present in full-physics multi-
dimensional simulations of core-collapse supernovae with
turbulence, convection, and other instabilities is unclear. In
this paper, we take a step toward that understanding by
deriving the antesonic condition for the idealized isother-
mal post-shock model flow with 1D prescriptions for turbu-
lence and rotation. Importantly, our analysis shows that the
critical condition is significantly affected by the near-sonic
turbulence that occurs generically in multi-dimensional sim-
ulations, and thus provides a way to interpret many pre-
vious results. In contrast, in our model problem relatively
extreme rotation rates producing millisecond rotation pe-
riods for the fully-contracted neutron star are required for
the critical condition to be affected during the stalled-shock
phase.
While previous works have investigated the effects of
rotation (Yamasaki & Yamada 2005) and turbulence (Ya-
masaki & Yamada 2007; Mabanta & Murphy 2018; Couch
et al. 2020) on the critical curve, here we are able to pro-
vide an analytic criterion for explosion that can be used to
understand why some simulations explode, while others fail.
We explicitly show how rotation and turbulence decrease the
critical post-shock sound speed required for explosion. In §2,
we present the isothermal derivation from Pejcha & Thomp-
son (2012). We then add rotation (§2.1), both isotropic and
anisotropic turbulence (§2.2), and discuss a generalized crit-
ical condition allowing for rotation and turbulence (§2.3). In
§3, we propose a framework for understanding further gener-
alizations to the antesonic condition (§3.1), as well as a com-
parison to both parameterized 1D (§3.2) and full-physics,
multi-dimensional simulations (§3.3).
2 THE ANTESONIC CONDITION
For context, we derive the simplest form of the antesonic
condition, following Pejcha & Thompson (2012). An isother-
mal fluid undergoing steady-state shocked accretion in a
point-mass gravitational potential must simultaneously sat-
isfy both the Euler equations,
1
ρ
dρ
dr
= −2
r
− 1
vr
dvr
dr
(1)
vr
dvr
dr
= −1
ρ
dP
dr
− GM
r2
, (2)
and the shock-jump conditions,
ρ1v1 = ρ2v2, (3)
ρ1v
2
1 + P1 = ρ2v
2
2 + P2, (4)
as well as an equation of state (EOS). For the purposes of
this paper, we limit ourselves to an isothermal EOS of the
form
P = c2T ρ (5)
in the post-shock fluid for simplicity. An exact antesonic con-
dition can also be derived for a polytropic equation of state
(Raives et al. 2018), and an antesonic condition also holds
for more general equations of state with heating and cooling
(Pejcha & Thompson 2012; Pejcha & Thompson 2015).
In spherical symmetry, the Euler equations assume the
dimensionless form(
M− 1M
)
dM
dξth
=
2
ξth
− 1
2ξ2th
, (6)
where M = vr/cT is the Mach number of the fluid, and
ξth ≡ c
2
T r
2GM
=
c2T
v2esc
(7)
is the thermal “antesonic” ratio, so named because this
occurs at smaller r than the sonic point in the classic
Parker wind problem. Although in previous papers (Pejcha
& Thompson 2012; Pejcha & Thompson 2015; Raives et al.
2018), we referred to this quantity as simply the “antesonic
ratio,” without qualification, in this paper we attach the
“thermal” prefix to distinguish it from the similar dimen-
sionless ratios that are important to the additional physics
considered below.
Assuming the fluid above the shock is undergoing
pressure-less free-fall (P2 = 0, v2 = −
√
2GM/r) onto the
shock, the shock-jump conditions can be used to specify
the fluid velocity immediately downstream of the shock as a
function of the shock radius:
M1 = 1
2
(
−ξ−1/2th +
√
ξ−1th − 4
)
. (8)
By substituting Equation (8) into Equation (6), we find the
value (or values) of ξth (and thus, cT ) that corresponds to a
solution where the velocity profile is tangent to the locus of
all possible shock positions (as specified by Equation 8).
The importance of this solution is shown graphically in
Figure 1. We integrated Equation (6) outward from the PNS
surface rν = 30 km (dotted line), for various sound speeds
at fixed assumed value of M˙ = 1 M/s (solid colored lines).
Equation (8) for the shock-jump conditions is shown as the
black dashed line. For small cT , the accretion flows go from
the PNS surface to the shock, where they transition to the
presureless free-fall conditions assumed to derive the shock
jump condition (for clarity, these upstream profiles are not
shown). For high values of cT (green to yellow), the accretion
solutions do not intersect the shock conditions, indicating it
is impossible to satisfy the time-steady Euler equation and
MNRAS 000, 1–13 (2020)
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Figure 1. A graphical representation of the antesonic condition.
Solutions to the Euler equations (solid lines) are specified by
the sound speed cT (increasing from left to right). They start
at rν = 30 km (dotted grey line) and continue until they satisfy
the boundary conditions specified by the shock-jump conditions
(Equation 8, black dashed line). Solutions with a sound speed
larger than that of the critical solution (bolded; ξth = 3/16) never
satisfy the shock-jump conditions, and are thus unphysical in this
context because they cannot describe shocked accretion flow. The
solutions pictured are for ρν = 3× 1010 g cm−3, M = 1.4 M,
and M˙ = 1 M/s.
the shock-jump conditions simultaneously. The dark green
line indicates the critical solution where the two curves are
tangent to one another. For the pure isothermal case, the
critical value of ξth is equal to (Pejcha & Thompson 2012)
1
ξth,crit =
3
16
. (9)
For isothermal and polytropic fluids Pejcha & Thompson
(2012); Raives et al. (2018), the critical value of ξth is al-
ways the maximum value of ξth anywhere in the accretion
flow, and this maximum always occurs at the shock. How-
ever, this is not necessarily the case for other equations of
state or when considering additional physics. As shown by
Pejcha & Thompson (2012), for an equation of state that
is coupled to neutrino heating and cooling, the maximum
value of c2s/v
2
esc occurs near the “gain radius,” where neu-
trino heating balances cooling in the post-shock flow.
2.1 Rotation
We first consider the case of a non-turbulent fluid rotating
with velocity vφ(r), which experiences a centrifugal acceler-
ation in the equatorial plane:
acen =
v2φ
r
= 2
GM
r2
ξcen, (10)
where
ξcen ≡ v
2
φ
v2esc
, (11)
1 The equations are also solved by ξth = 0, but this solution is
unphysical.
so that Equation (2) becomes
vr
dvr
dr
= −1
ρ
dP
dr
− GM
r2
(1− 2ξcen) (12)
In dimensionless form, (for comparison with Equation (6)),
we have (
M− 1M
)
dM
dξth
=
2
ξth
− 1− 2ξcen
2ξ2th
. (13)
As the rotational velocity is the same on either side of the
shock, the presence of rotation does not change the shock-
jump conditions. Following the same procedure as for the
non-rotating case (i.e., substituting Equation (8) into Equa-
tion (13)), we obtain the following expression for the critical
antesonic ratio:
ξth,crit =
1
32
(
3− 16ξcen,crit +
√
9 + 32ξcen,crit
)
. (14)
In the limit ξcen,crit  1, Equation (14) reduces to
ξth,crit +
1
3
ξcen,crit =
3
16
. (15)
In the presence of rotation, there is not one single critical
antesonic ratio but rather, the antesonic condition specifies
a relation between the thermal and centrifugal terms at the
shock that defines the critical solution.
We follow the same procedure used to generate Figure
1 to find the critical value of cT for many different assumed
values of M˙ . For each M˙ , we search for the tangent of the
flow profiles obtained from Equation (13) with the shock
jump conditions. Because the value of the shock radius at
the critical value of cT changes for each M˙ , the mapping
between the antesonic condition given in Equation (9) or
Equation (14) and M˙ is not trivial. We then plot this“critical
curve” showing the critical value of cT as a function of M˙ in
Figure 22. In order to integrate Equation (13) and construct
Figure 2, we assume a rotation profile vφ(r) corresponding
to angular momentum conservation with vφ ∝ r−1. We have
also tested the case of a solid body rotation profile (vφ ∝ r)
(see below).
By allowing a second parameter to vary (in this case,
the core rotation rate Ω) we form a 2D critical surface (e.g.,
as in Iwakami et al. 2014). For clarity, we show individual
slices of the critical surface at fixed values of Ω. For aid in
interpreting the figure, we normalize the rotation rates by
Ωms =
2pi
1 ms
(
10 km
rν
)2
, (16)
the rotation rate that would lead to a neutron star with a
period of 1 ms after the PNS cools and contracts to a radius
of 10 km, assuming the angular momentum of the PNS is
conserved during contraction, and that the core rotates as a
solid body. For this analysis, we assume a fixed rν = 30 km.
We find that, as expected, more rapidly rotating cases
have lower critical curves, i.e., for a given mass accretion rate
M˙ , the critical sound speed cT is smaller for large Ω than for
small Ω. For Ω/Ωms = 1, the critical curve only decreases by
∼ 5 per-cent, indicating that, for these parameters and for
this model problem, rotation has a relatively small effect on
2 In the full-physics case, the function instead gives the core neu-
trino luminosity Lν (Burrows & Goshy 1993; Pejcha & Thompson
2012).
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the critical curve. In terms of the critical antesonic ratios,
this rotational velocity corresponds to ξcen = 7.08× 10−3
(for rsh = 150 km), which means the critical thermal an-
tesonic ratio is ξth ' 0.1851, a 1 per-cent decrease. When
we instead assume solid-body rotation (vφ(r) ∝ r) for the
post-shock profile in solving Equation (13), we find larger
fractional decreases in the critical curve for the same core
rotation Ω because the rotational velocity at the shock will
be larger.
We also note that each critical curve has a maximum
mass accretion rate, which decreases with more rapid rota-
tion. For larger accretion rates and more rapid rotation, the
shock radius of the critical solution is smaller; for sufficiently
large M˙ or Ω, the shock radius will be smaller than the PNS
radius, which is unphysical. The ultimate physical limit on
rotation is ξcen =
1
2
, as above this value, Equation (14) im-
plies that ξth < 0, i.e., stable accretion is impossible at any
sound speed. The limit of rsh > rν provides a slightly more
stringent limit, and other constraints, such as shock heating
of the accreted material, or neutrino heating from the PNS
core, will also tend to decrease the“maximum”rotation rate.
We intend to further explore such constraints in future work.
While rotation rates Ω ∼ Ωms may be relevant for core
collapses that produce super-luminous magnetar-powered
supernovae or gamma-ray bursts (Thompson et al. 2004;
Metzger et al. 2007; Kasen & Bildsten 2010; Metzger et al.
2011), they are much faster than expected for normal pul-
sars, which have P ∼ 10− 1000 ms (e.g., Faucher-Gigue`re &
Kaspi 2006). Note that for clarity here we focus exclusively
on the effect of the centrifugal force in the equatorial plane.
In a more realistic model, especially at the rapid rotation
rates needed for modification of the critical curve found here,
other multi-dimensional effects become important (e.g., Ya-
masaki & Yamada 2005).
2.2 Turbulence
We now consider the problem of a non-rotating, but turbu-
lent flow beneath the shock. We further assume that the flow
is fully non-turbulent above the shock, i.e., that the turbu-
lence is caused by neutrino heating and convection in the
gain region (Herant et al. 1994; Janka & Mu¨ller 1996; Bur-
rows et al. 1995) or the standing accretion shock instability
(Blondin et al. 2003; Couch & O’Connor 2014; Ferna´ndez
2015), as obtained by multi-dimensional supernova simula-
tions. For a turbulent flow, we must separate each fluid vari-
able f into its background (i.e., Favre-averaged) component
f˜ and its turbulent component f ′′ (Moca´k et al. 2014):
f = f˜ + f ′′. (17)
The Favre average is defined as:
ρf˜ = ρf, f˜ ′′ = 0, (18)
where f is the Reynolds average
f =
1
∆T
∫
T
f(t) dt. (19)
The Favre average is thus a density-weighted Reynolds av-
erage. While others (Meakin & Arnett 2007; Arnett et al.
2009; Murphy & Meakin 2011) use the Reynolds average, we
prefer the Favre average for reasons of mathematical conve-
nience. Starting with the full, time-steady Euler equations,
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Figure 2. The critical sound speed cT for a given accretion rate
M˙ , for varying core rotation rates Ω, for the same PNS mass and
radius as in Figure 1. Ω is shown in units of Ωms, the rotation
rate that produces a millisecond rotator after contraction (i,e.,
accounting for angular momentum conservation). Faster rotation
lowers the critical curve, i.e., reduces the critical c2T for a given
M˙ . Faster rotation also lowers the maximum accretion rate that
shocked accretion can support (above which, Rsh < Rν). The
bottom panel shows the ratio of the critical curves for different
rotation rates to the non-rotating curve.
presented here in vector form:
∇ · (ρv) = 0 (20)
∇ · (ρv ⊗ v) +∇P − ρg = 0 (21)
We then decompose v into its background and turbulent
components, and take the Reynolds average of each equa-
tion. This leaves us with
∇ · (ρv˜) = 0 (22)
ρv˜ · ∇v˜ +∇ · R˜+∇P − ρg = 0. (23)
Here, R is the Reynolds stress tensor, which characterizes
the strength of turbulence. Its components are given by
R˜ij = ρv˜′′i v
′′
j . (24)
For our purposes, however, it is helpful to write things in
terms of the specific turbulent kinetic energy:
K =
∑
i
1
2
v˜′′i v
′′
i =
1
2ρ
∑
i
R˜ii. (25)
We can characterize the degree of isotropy in the turbulence
by comparing the kinetic energy in turbulent radial velocity
MNRAS 000, 1–13 (2020)
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to that in turbulent angular velocities:
α ≡ R˜θθ + R˜φφ
R˜rr
. (26)
A value of α = 2 corresponds to isotropic turbulence, while
α = 1 corresponds to anisotropic turbulence with R˜rr =
R˜θθ+R˜φφ, which is a better fit to the character of turbulence
in the gain region (Arnett et al. 2009; Murphy et al. 2013;
Couch & Ott 2015; Radice et al. 2016). We can also make
use of this parameter to define the total turbulent kinetic
energy solely in terms of the radial Reynolds stress:
K =
1 + α
2ρ
R˜rr (27)
Assuming an isothermal equation of state, spherical symme-
try, and
∂K
∂r
= 0, (28)
(an assumption required for a tractable analytic solution),
we can write the Euler equations in the dimensionless form:
(
M˜ − M˜−1
) ∂M˜
∂ξeff
− 2
ξeff
+
Ξ1
2ξ2eff
= 0, (29)
where
M˜ = v˜r
ceff
(30)
c2eff = c
2
T +
2K
1 + α
(31)
ξeff =
c2eff
v2esc
(32)
Ξ1 = 1 + 2
2− α
1 + α
ξturb (33)
ξturb =
2K
v2esc
. (34)
The full derivation of the Favre-averaged Euler equa-
tions is presented in Appendix B. We derive the antesonic
condition under both isotropic and anisotropic turbulence in
the following sub-sections.
We note that many studies describe the strength of tur-
bulence in the post-shock region by the turbulent Mach num-
ber (e.g., Mu¨ller & Janka 2015), which is nominally related
to our turbulent antesonic ratio by
ξturb ∼ ξthM˜2turb, (35)
where
M˜2turb =
v˜′′r v′′r
c2T
(36)
However, care needs to be taken to account for the mix be-
tween radial and non-radial turbulent motions. We return
to this issue in Section 3.
2.2.1 Isotropic Turbulence
For isotropic turbulence (α = 2), the turbulent contribution
to Ξ1 vanishes. That is:(
M˜ − M˜−1
) ∂M˜
∂ξeff
− 2
ξeff
+
1
2ξ2eff
= 0. (37)
This is identical to the pure isothermal case (Equation 6)
with the substitution cT → ceff . A treatment of the shock-
jump conditions similar to that of the pure isothermal case
(see Appendix C for a full derivation) gives us an equation
like Equation (8) with cT → ceff :
M˜1 = 1
2
(
−ξ−1/2eff +
√
ξ−1eff − 4
)
. (38)
Since both our Euler equation and shock-jump condition
are the same as in the pure isothermal case, except with
ξth → ξeff , the solution to this pair of equations – i.e., the
antesonic condition – must be the same as the pure isother-
mal antesonic condition, except with ξth → ξeff , i.e.,
ξeff = ξth +
1
3
ξturb =
3
16
. (39)
We note that this antesonic condition has a critical thresh-
old at ξturb =
9
16
, which corresponds to a turbulent kinetic
energy of
Kmax =
9
32
v2esc (40)
at the shock. Above this threshold, a steady accretion flow
cannot be maintained at any finite value of the post-shock
sound speed (ξth > 0). Like in the case with rotation, how-
ever, this limit is merely an upper bound on the maximum
turbulent kinetic energy for which stable accretion is pos-
sible. Because the material is heated as it passes through
the shock and then heated throughout the gain region, we
expect the practical limit on K to be smaller. This will be
the subject of a future investigation.
2.2.2 Anisotropic Turbulence
Anisotropic turbulence with α = 1 is more characteristic
of turbulence in the gain region than isotropic turbulence
(Arnett et al. 2009; Murphy et al. 2013; Couch & Ott 2015;
Radice et al. 2016). With this prescription, the Euler equa-
tion becomes:(
M˜ − M˜−1
) ∂M˜
∂ξeff
− 2
ξeff
+
1 + ξturb
2ξ2eff
= 0. (41)
This equation is analogous to the rotational case, but with
ξcen → − 12ξturb and cT → ceff . As the shock-jump conditions
imply the same functional form of the post-shock Mach num-
ber as in the isotropic case (i.e., Equation (38)), this implies
that our antesonic condition must be
ξth +
1
2
ξturb =
1
32
(
3 + 8ξturb +
√
9− 16ξturb
)
. (42)
which can be directly compared to Equations (9) and (14) for
the pure isothermal antesonic condition and the antesonic
condition with rotation, respectively. We note that this equa-
tion has a root at ξturb = 1/2, which corresponds to a max-
imum value of the turbulent kinetic energy of
Kmax =
1
4
v2esc (43)
at the shock – similar to, though slightly smaller than, the
similar limit for isotropic turbulence given in Equation (40).
As in the isotropic case, we expect the practical limit on
K to be significantly less than this value because of shock
heating and neutrino heating in the gain region, an issue we
will return to in a future work.
MNRAS 000, 1–13 (2020)
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In the limit where ξturb  1, Equation (42) has the
approximate form
ξth +
1
3
ξturb =
3
16
. (44)
We use the same procedure used in constructing Figure
2 to calculate the critical curves for isotropic to anisotropic
turbulence in Figure 3. For many different values of M˙ , we
determine the critical value of the sound speed above which
accretion is impossible, for a range of values of K. We see
that with increasing turbulent kinetic energy (larger K/c2T ),
the normalization of the critical curve decreases. We also see
that, except at the highest mass accretion rates, the decrease
in normalization is roughly constant with M˙ . In Figure 4,
we visually demonstrate the turbulent antesonic condition
(Equation 42). The figure is analogous to Figure 1, except
that we vary the ratio K/c2T while keeping cT constant.
We find that, like with increasing cT in the case dominated
by thermal pressure, increasing the turbulent kinetic energy
moves the shock radius outwards until the critical solution
is reached.
Importantly, this exercise shows that for values of K/c2T
obtained in multi-dimensional supernova simulations (e.g.,
Murphy et al. 2013; Couch & Ott 2015; Radice et al. 2016;
Mabanta & Murphy 2018), the fractional decrease in the
critical curve at fixed M˙ can be large. While simulations find
a range of turbulent kinetic energies as a function of both
radius and time in a given massive star progenitor, values
of K are often in the near-sonic range, with K/c2T ∼ 1,
implying order-unity decrease to critical curve.
2.2.3 Power Law K(r) Profiles
In our analysis, we assume that the turbulent kinetic energy
density K(r) is constant with radius (Equation 28), as this
assumption allows us to find a straightforward analytic so-
lution to the problem. However, simulations (Radice et al.
2016) suggest a power law K(r) ∝ rβ might be more appro-
priate. From that study in particular, we could approximate
K ∝ r3 in the gain region. The general effect of such a pa-
rameterization would be to have stronger turbulence near
the shock than near the core. Though we also note that tur-
bulence enters the momentum equation as ∂(ρK)/∂r so that
if K increases with r, then this will dampen the effect of the
turbulent pressure gradient.
We tested numerical models with a power-law K(r)
and found that, compared to models with the same K(rν)
but constant K(r), power-law models with β > 0 had
larger shock radii, and larger values of ξturb and ξeff at the
shock. Furthermore, the critical solution had smaller K(rν),
a smaller shock radius, and a larger ξturb and ξeff at the
shock than the critical solution of the constant K(r) model.
For the β < 0 case, the reverse was true: for a given K(rν),
the power law model had a smaller shock radius, and smaller
ξturb and ξeff at the shock. The critical solution occurred at
larger K(rν), and had a larger shock radius, and smaller
ξturb and ξeff at the shock. However, although the critical
solutions occur at different ξth and ξturb, we find that these
values still respect the critical curve as defined in Equations
(39) and (42).
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Figure 3. The critical curve for varying turbulent kinetic ener-
gies (shown here in units of c2T ), for both isotropic (solid) and
anisotropic (dashed) turbulence. We see that stronger turbulence
lowers the critical curve, and that anisotropic turbulence also has
a lower critical curve than isotropic turbulence does. Turbulence,
both isotropic and anisotropic, has a larger effect on the critical
curve at lower M˙ .
2.3 Combining Rotation and Turbulence
We can write the antesonic condition without specifying the
exact nature of the turbulent balance (i.e., for arbitrary α),
while also including rotation. This condition takes the form:
ξeff =
1
32
(
8Ξ2 +
√
25− 16Ξ2 − 5
)
, (45)
where (see Equations 11 and 33-34)
Ξ2 = Ξ1 − 2ξcen. (46)
In the limits ξcen  1, ξturb  1, this reduces to
ξth +
1
3
ξcen +
1
3
ξturb =
3
16
. (47)
3 DISCUSSION
3.1 An Antesonic “Ansatz”
Both rotation and turbulence add to the critical condition
in a manner that is to first order quite straightforward and
intuitive. A simple, but useful way to think about any addi-
tional forces that could be added to the Euler equation, is
that they will add to the isothermal antesonic condition in
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Figure 4. A visual demonstration of Equation (42), analogous
to Figure 1. Top: the Mach number M˜ vs the effective antesonic
ratio ξeff = c
2
effr/2GM = ξth +
1
2
ξturb, with curves color-coded
by the ratio of K/c2T (colors correspond to the same values of
K/c2T as in Figure 3). Though each of these curves has the same
c2T = 10
19 cm2 s−2 and M˙ = 1.0 M/s, they start at different M
and ξeff because of the K contribution to both those terms. Bot-
tom: the turbulent antesonic ratio vs the effective antesonic ratio
ξturb (note the reversed y-axis) for each solution shown in the top
panel. The solid and dashed lines correspond to Equation (42)
and Equation (44) (which is also the approximate critical curve
for anisotropic turbulence), respectively. We see that the criti-
cal solution, which is bolded in each panel, just grazes the curve
describing the Mach number at the shock (Equation 38) at the
same point where it touches the curve describing the antesonic
condition.
a similar manner:
ξ +
1
3
ξcen +
1
3
ξturb + · · ·+ aiξi ≈ 3
16
, (48)
where the ξi term takes the form
ξi =
v2i
v2esc
, (49)
and ai is a coefficient, with potentially negative values for
terms that correspond to forces acting in the same direc-
tion as gravity. The v2i here is the characteristic velocity
(squared) for the force in question, where v2φ and 2K are the
relevant velocities for the cases of rotation and turbulence,
respectively.
This “ansatz” for the form of a generalized antesonic
condition allows for simple estimates of how big certain
terms might in principle need to be in order to affect the
dynamics. For example, if we were to consider a simple ra-
dial magnetic pressure term
Pmag =
1
2
B2
4pi
, (50)
(i.e., ignoring magnetic tension), the antesonic condition
would contain the term
ξmag =
v2A
v2esc
, amag =
1
2
, (51)
in the simplest case where we assume ∂vA/∂r = 0. To signifi-
cantly modify the critical curve, near-magnetosonic vA ∼ cT
would be required, as might be expected from near-sonic tur-
bulence (e.g., Ostriker et al. 2001). Recent studies (Mu¨ller &
Varma 2020) suggest that magnetic fields can play a central
role in explosion for Emag ∼ 12Eturb. As with the case of
turbulence considered above, other forms of vA(r) may lead
to the same antesonic condition, but different shock radii
for different normalizations of the post-shock magnetic field
strength relative to the post-shock sound speed. As with ro-
tation, there are many multi-dimensional effects that com-
plicate the consideration of magnetic fields as an initiating
agent in supernovae. Still, the simple ansatz of Equation (48)
gives a starting point.
As another example that deserves more critical anal-
ysis, several works have considered the importance of wave
driving, damping, and propagation in the post-shock region,
generated by motions within the proto-neutron star (Bur-
rows et al. 2006; Harada et al. 2017; Gossan et al. 2020).
For a given wave flux into the gain region, the overall wave
pressure gradient again enters the Euler equation for the
post-shock flow in a manner similar to the turbulent pres-
sure, except with
R˜ij → 2P acoij , (52)
where P aco is the pressure from acoustic waves. For
monochromatic, adiabatic sounds waves, the ratio of angular
to radial acoustic pressure is
α =
Pθθ + Pφφ
Prr
= 2
γ − 1
γ + 1
, (53)
where γ is the ratio of the specific heats (Lamers & Cassinelli
1999). Thus the acoustic pressure is strongly radially domi-
nant, only approaching our case of anisotropic turbulence in
the limit γ →∞. Ultimately, however, the acoustic term in
the antesonic condition should look the same as the turbu-
lent term, i.e.,
ξaco =
2Kaco
v2esc
, aaco =
1
3
. (54)
Here Kaco is the specific acoustic kinetic energy:
Kaco =
1
2
v2aco =
1
4
ω2ζ2, (55)
where vaco is the velocity associated with acoustic motions,
ω is the frequency of those oscillations, and ζ is the am-
plitude of the physical motion associated with the waves,
i.e., a particle in the post-shock accretion flow traces a path
governed by
r(t) = r(t) + ζ cos(ωt). (56)
In recent calculations of acoustically powered explo-
sions, Harada et al. (2017) found that successful explosions
generally had lower thermal antesonic ratios (in their case,
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max
(
c2s/v
2
esc
)
) relative to failed explosions. In light of our
work, this is expected because by increasing the acoustic
power, Harada et al. (2017) are lowering the critical ξth be-
low the maximum value of ξth reached in their non-exploding
case. Specifically, Harada et al. (2017) use waves of frequency
ω ∼ 2 ms−1 and amplitudes of order ζ ∼ 5 to 10km near the
shock. In our framework, this would result in an acoustic
antesonic ratio of ξaco ≈ 0.03 to 0.007 for a shock radius
rsh = 150 km, and a 16 to 4 per-cent reduction in the crit-
ical thermal antesonic ratio ξth required for explosion. We
note that the actual decrease in the critical neutrino lumi-
nosity found by Harada et al. (2017) is within this range.
3.2 1D Simulations with Turbulence
Couch et al. (2020) (hereafter in this section, CWO20) per-
form 1D supernova simulations using mixing length theory
to approximate turbulence. The strength of turbulence is
parameterized by αΛ:
αΛ = Λmix
ρg
P
, (57)
where Λmix is the mixing length. The value αΛ = 0 cor-
responds to a simulation without turbulence, for which ex-
plosions are not achieved. As αΛ increases above a certain
threshold, progenitors begin to explode at different times,
producing a range of explosion energies and neutron star
masses. The results can be tuned to produce results for large
surveys of progenitors and compared to the works of Ugliano
et al. (2012); Pejcha & Thompson (2015); Sukhbold et al.
(2016).
Because in CWO20 the strength of the turbulence is a
free parameter, in principle, it should be possible to make an
apposite comparison with our results. For small αΛ and no
explosion, the critical antesonic ratio should not be reached
during the simulation, while models with bigger αΛ just be-
yond the threshold for explosion should just exceed the crit-
ical generalized turbulent antesonic condition identified in
Equation (42). That is, we expect a given model set with
turbulence to explode only once the critical condition is ex-
ceeded.
In practice, the comparison is complicated by the fact
that we have assumed an isothermal model for the gas,
whereas the simulations use a general EOS and include
neutrino heating/cooling. Nevertheless, we can attempt to
make the comparison by first noting that a polytropic EOS
(P ∝ ρΓ) is a better fit to these models than the isothermal
results presented in this paper. Raives et al. (2018) show an-
alytically that the thermal antesonic ratio in the polytropic
limit becomes (see also Pejcha & Thompson 2012)
c2s
v2esc
=
3Γ
16
. (58)
Using this result and the calculations presented here (eq. 42),
we can write down an approximate critical antesonic condi-
tion for a polytropic EOS with turbulence. While we are
unable to derive a closed form analytic solution to the equa-
tions, we find an approximate numerical solution to the crit-
ical condition that is a good fit over the range of parameters
we have tested:
ξtotal = ξth +
(
1
3
+
Γ− 1
14.4205
)
ξturb ≈ 3
16
Γ. (59)
Here, and throughout this section, ξth is the polytropic an-
tesonic ratio given by Equation (58). Equation (59) is most
accurate for small ξturb. Below ξturb ∼ 0.05, the error in
ξtotal from our approximate solution is . 1 per-cent for all
Γ ≤ 5
3
. As Γ → 5
3
, (and as Γ → 1, for which the approx-
imation approaches Equation 44), a sub per-cent error in
the critical condition is maintained for turbulent antesonic
ratios as large as ξturb ' 0.10− 0.15.
The work of Pejcha & Thompson (2012) shows that for
models with neutrino heating/cooling and a general EOS
that the antesonic condition is reached near the gain radius
and that the antesonic condition is best represented in such
cases by the maximum value achieved in the gain region,
rather than just being evaluated at the shock as in the purely
isothermal problem. Thus, for the purposes of comparison to
CWO20, we take the total antesonic ratio to be
ξtotal = max
[
ξth +
(
1
3
+
Γ− 1
14.4205
)
ξturb
]
, (60)
and we calculate this quantity throughout the time evolution
of two progenitors, simulated with a range of αΛ.
Understanding these caveats and with Equation 60 in
hand, in Figure 5 we plot the total antesonic ratio as de-
termined by the CWO20 simulations, for two different pro-
genitor models: a 13 M and 15 M progenitor from the set
used by Sukhbold et al. (2016). The location of the separa-
trix between accretion and wind (i.e., exploding) solutions
occurs for ξ & 0.23. For Γ ' 4
3
, as implied by the simula-
tions at the maximum of ξ in the profiles, we would instead
expect a critical value of ξ ' 3Γ/16 = 1
4
. Put another way,
a value of Γ ∼ 1.23 would be needed to make Equation 59
accord with the observed critical value in Figure 3. The ∼ 10
per-cent difference between the expected critical value and
that derived from the simulations is likely caused by differ-
ences between the physics of the simulations and the “pure”
polytropic EOS analysis used to derive Equations (59) and
(58). In particular, these simulations include an explicit cou-
pling term between the turbulent and non-turbulent veloc-
ities that is not present in our analysis. Furthermore, these
simulations include a general EOS and neutrino heating and
cooling terms that are likewise absent from our models. In-
deed, the accretion region between the proto-neutron star
and the shock is not well-approximated by a single poly-
tropic EOS. A focus of future work could be to make a more
direct and sharper comparison of our results for the gen-
eralized antesonic condition with time-dependent numerical
models by using more realistic thermodynamics.
3.3 Multidimensional Simulations
Since the pioneering work of Herant et al. (1994); Burrows
et al. (1995); Janka & Mu¨ller (1995) evidence has accumu-
lated that breaking spherical symmetry leads core-collapse
supernova simulations closer to the condition for explosion.
Indeed, many 1D models in the literature fail (Rampp &
Janka 2000; Liebendo¨rfer et al. 2001; Thompson et al. 2003),
while their multi-dimensional counterparts sometimes suc-
ceed (but, see O’Connor & Couch 2018), albeit with low ex-
plosion energies in some cases (e.g., Vartanyan et al. 2019).
The first study of the Burrows & Goshy (1993) critical curve
in 2D by Murphy & Burrows (2008) showed that the criti-
cal threshold in neutrino luminosity for explosion was lower
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Figure 5. Total antesonic ratio (Equation 60) as a function of
time for different values of the turbulent parameter αΛ. The top
panel uses a 13 M progenitor and the bottom panel uses a 15 M
progenitor. We see that, by increasing αΛ, we can induce ex-
plosion in otherwise stable configurations. Though the transition
from accretion to wind solutions occurs at slightly lower ξ than
we might expect, this can largely be attributed to differences be-
tween the simulation and the ”pure” polytropic analysis.
than in 1D at a given mass accretion rate. That investigation
was followed by a number of works on the critical threshold
for explosion in multi-dimensional simulations (e.g., Nord-
haus et al. 2010; Couch 2013b).
These works and many others show that the charac-
ter and strength of the post-shock turbulence has a di-
rect impact on the shock dynamics with time-dependent
and progenitor-dependent thresholds for explosion. How-
ever, much of the discussion of the critical condition for
explosion and the success or failure of any given model is
qualitative in the sense that there has so far not been a quan-
titative theory for how much turbulence ‘helps’ in bringing
models to explosion. There are a number important excep-
tions, including Mu¨ller & Janka (2015) (discussed below),
the work of Couch et al. (2020) (discussed above), and Mur-
phy et al. (2013); Couch & Ott (2015) who argue on the
basis of momentum balance at the shock that turbulence
leads to larger shock radii, and that this aids explosion (see
also Couch & O’Connor 2014; Radice et al. 2016).
Here, our extension of the antesonic condition including
rotation and turbulence in Equation (45), and the general-
ized “ansatz” for other forces in Equation (48) provides a
simple and intuitive quantitative criterion for explosion, al-
beit for a toy model. Specifically, the threshold for explosion
in multi-dimensional simulations is lower because the crit-
ical threshold for the thermal energy content of matter in
the post-shock region is lower by (Equation 42)
ξth ' 3
16
− 1
3
ξturb (61)
(for small ξturb). The physics of this condition is the same
as for the antesonic condition itself: above a certain crit-
ical value of the linear combination of ξth and ξturb it is
impossible to simultaneously satisfy the strong shock jump
conditions and the time-steady Euler equation and the sys-
tem undergoes time-dependent transition from accretion to
thermal wind. Because the strength and character (i.e., level
of isotropy) of the turbulence varies as a function of progen-
itor and time, the exact values of ξth and ξturn will likewise
also vary with progenitor and time.
While much work remains in attempting to apply this
condition to multi-dimensional, full physics models, this ex-
plosion condition is useful as a prior on which models will
explode and which will fail, and potentially provides the
physical explanation for the explosion itself. Future works
can directly test if an equation like (42) is indeed the cor-
rect way to think about this threshold.
In this context, ideally we would be able to make a
direct connection between the explosion condition of Equa-
tion (42) and the results of multi-dimensional simulations.
One example is the work of Mu¨ller & Janka (2015) (here-
after in this section, MJ15) who perform 2D simulations
with turbulence, and find a threshold in the turbulent Mach
number above which all of their simulations explode. How-
ever, the comparison wtih MJ15 is complicated by several
factors. MJ15 define the turbulent Mach number using the
angular turbulent velocity rather than the radial, i.e.,
M˜2MJ15 =
v˜′′θ v
′′
θ
c2s
. (62)
This differs from our definition of the turbulent Mach num-
ber by a factor of 1/α:
M˜2turb ∼
1
α
M˜2MJ15. (63)
To obtain the specific turbulent kinetic energy K, which
enters our definition of ξturb we must further multiply by a
factor of 1 +α to account for both the radial and non-radial
motions:
1
2
ξturb
ξth
=
K
c2T
=
1 + α
2
M˜2turb =
1 + α
2α
M˜2MJ15. (64)
An additional complication is that to make a direct
comparison between MJ15 and this work requires knowl-
edge of the relative strength of radial and non-radial tur-
bulent motions (quantified by α) at the time of explosion,
which MJ15 do not provide. While MJ15 initialize their sim-
ulations with a wide range of α (up to α ' 17), we assume
α evolves to equipartition between the radial and non-radial
motions (i.e., α = 1; Arnett et al. 2009) by the time of ex-
plosion.
Furthermore, while here we have explored a wide, two-
dimensional parameter space of ξth and ξturb, for many dif-
ferent steady-state values of the mass accretion rate (e.g.,
Fig. 4) in MJ15 the post-shock sound speed (and thus, ξth)
set by neutrino heating and cooling, the accretion rate, and
the shock radius, which is determined by both the sound
speed and the specific turbulent kinetic energy K. Thus,
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the critical condition found by MJ15 is essentially for fixed
ξth. While we cannot determine what ξth was at explosion in
the simulations of MJ15, we can determine what the critical
ξth would be in our model using the critical turbulent Mach
number found by MJ15.
MJ15 finds a critical turbulent Mach number
M˜2MJ15 ' 0.3. (65)
For α = 1, this corresponds to the same value of M˜2turb. Us-
ing the approximate antesonic condition for the polytropic
equation of state we found earlier (Equation 59), we would
expect the critical thermal antesonic ratio to be
ξ ≈ 0.227 (66)
for Γ = 4
3
. This is about a 10 per-cent decrease from the
limit of 3
16
Γ = 1
4
. Put another way, if we assume a one-to-
one correspondence between the critical neutrino luminosity
and the critical c2s (i.e., a factor of 2 change in one means a
factor of 2 change in the other), then the 25 per-cent change
in the critical neutrino luminosity measured by MJ15 would
mean a critical total antesonic ratio of
ξtotal ≈ 0.21, (67)
assuming the same critical turbulent Mach number. This is
about 15 per-cent below what our analytic theory predicts,
similar to the discrepancy we found between our theory and
the results of Couch et al. (2020) in the previous section.
Likewise, we can attribute this discrepancy to the difference
between our simplified use of a “pure” polytropic EOS and
the physical EOS used by MJ15. There is also the potential
for the dynamical effects of turbulence, in particular, oscil-
lations in the shock surface, to lower the critical curve, as
in the work of Murphy & Burrows (2008) and Gabay et al.
(2015).
4 CONCLUSIONS
We demonstrate that both rotation and turbulence reduce
the critical antesonic ratio in our 1D, isothermal model. We
emphasize that attempting to characterize a simulation only
by the thermal antesonic ratio can be misleading. In a model
with significant rotation or turbulence, we would expect the
critical value of ξ to be measurably smaller than one would
expect from the non-turbulent analysis.
Specifically, if we consider our first order approximation
to the antesonic condition (Equation 47), this is equivalent
to stating that
ξth,crit =
3
16
− 1
3
ξcen − 1
3
ξturb. (68)
As discussed in §3.3, in this picture, multi-dimensional mod-
els are easier to explode than their spherical counterparts
because the turbulent pressure in the post-shock region and
at the shock decreases the critical sound speed required for
explosion. In a comparison like that presented in Nagakura
et al. (2019), where a low-resolution model fails and a high-
resolution model succeeds, we would interpret the success
and failure in terms of the critical condition above (see also
Raives et al. 2018, where we discuss the effect of resolution
on the critical condition). As discussed in §2.2 (see Figure 4)
and §3.2, the turbulent Mach numbers needed to substan-
tially affect the critical condition are typical of the results of
multi-dimensional simulations. For example, Couch & Ott
(2015) finds ratios of turbulent to thermal pressure of up to
K/c2T ∼ 0.5; in our model that would correspond to a de-
crease of the critical curve normalization (i.e,. the critical c2T
for a given M˙) of 15 to 25 per cent (decreasing with larger
M˙). For rotation, the effect is less significant, with a rota-
tion rate corresponding to a millisecond period remnant only
leading to a 1 to 4 per cent decrease. Faster rotation rates
can lead to more modest decreases in the critical curve nor-
malization, but we quickly reach rotation rates that would
lead to remnants rotating much faster than supported by
observation, and rates approaching the limits discussed in
§2.1.
We also explore the potential of an antesonic “ansatz”
to describe the effects of other forces on the critical con-
dition for explosion. Our analysis suggests that there is an
antesonic ratio (i.e., some characteristic velocity squared di-
vided by the escape velocity squared) associated with each
force, and that, to first order, the critical condition can be
expressed as a linear combination of these terms. As exam-
ples, we briefly discuss magnetic pressure and acoustic wave
pressure in the context of this framework.
In our models, we find theoretical maximum values of
ξcen =
1
2
and ξturb =
1
2
, 9
16
(for isotropic and anisotropic
turbulence, respectively). Our antesonic “ansatz” suggests
similar limits exist for other forces. At these values of the
non-thermal antesonic ratio, the pressure behind the shock
is large enough to lead to explosion even in the absence
of thermal pressure. However, in nature, we cannot actu-
ally reach this hypothetical limit of zero thermal pressure.
Even in the absence of neutrino heating from the PNS core,
the accreting material will be shock heated as it passes the
shock, providing a minimum thermal pressure and thus min-
imum thermal antesonic ratio. Because of this, the actual
maximum non-thermal antesonic ratios will be smaller than
the limits presented in this paper. In future work, we will
self-consistently consider the effect of shock heating and the
limits it imposes on non-thermal contributions to explosion.
However, we stress that an exploration of these effects
in full-physics supernova simulations is required before we
can make specific numerical predictions about those cases.
In non-isothermal simulations of this problem, the numer-
ical value of the antesonic condition will generally change.
As shown by Raives et al. (2018), in the case that the post-
shock fluid is described by an EOS of the form P ∝ ρΓ, the
antesonic condition is c2s/v
2
esc = 3Γ/16 at the shock, where
cs = (ΓP/ρ)
1/2 is the adiabatic sound speed. Similarly, for
an equation of state coupled to neutrino heating and cooling,
Pejcha & Thompson (2012) showed that an antesonic condi-
tion of ξνcrit ≡ max(c2s/v2esc) ∼ 0.2 was a good fit over several
orders of magnitude, though later multidimensional simu-
lations have suggested a wider range of critical antesonic
ratios, ξνcrit ∼ 0.2 − 0.3 (Couch & Ott 2013; Dolence et al.
2013; Couch & O’Connor 2014).
We also note that our results on rotation suggest that
rapidly rotating stars should be easier to explode near the
equator (where vφ is the largest), in contrast to Yamasaki
& Yamada (2005) which prefers polar explosions. In reality,
these are not two contradictory results but two competing
effects. We find that the critical thermal antesonic ratio is
smallest at the equator (implying explosion should initiate
there), while Yamasaki & Yamada (2005) find that rotation
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focuses the accreting material towards the equator, decreas-
ing the accretion rate at the poles (implying explosion should
commence along the rotation axis). Which of these two ef-
fects win out will likely depend on details of the equation
of state, as well as the relative values of vφ Pth, and M˙(t).
E.g., we might na¨ıvely expect models with extreme accre-
tion rates to care more about the distribution of accretion
over the shock surface, while models with very small accre-
tion rates and/or small thermal pressures might care more
about the reduction in ξ,crit near the equator. Regardless,
such questions must be answered with 2D and 3D simula-
tions of this problem and must wait, ideally, for a multi-D
theory of the antesonic condition to be developed.
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APPENDIX A: PROPERTIES OF THE FAVRE
AVERAGE
In this section, we review the definition and useful rules of
the Favre average. Recall, for a field f , split into a (Favre-
averaged) background and turbulent component
f = f˜ + f ′′, (A1)
the Favre average is defined as:
ρf˜ = ρf, (A2)
where f is the Reynolds average
f =
1
∆T
∫
T
f(t) dt. (A3)
Note that by definition:
f˜ ′′ = 0. (A4)
The Favre average is thus a density-weighted Reynolds aver-
age. Ultimately, the Favre average is an integration operator,
and thus the normal rules for integration imply the following
identities, which we make use of in the next section:
ρ˜(f + g) = ρ
(
f˜ + g˜
)
(A5)
ρ
(
g˜ · f ′′
)
= 0 (A6)
ρ
˜˜
f = ρf˜ (A7)
ρ
(˜
f˜ · g
)
= ρ
(
f˜ · g˜
)
(A8)
∂˜f
∂s
=
∂f˜
∂s
. (A9)
APPENDIX B: FAVRE-AVERAGED EULER
EQUATIONS
We start with the full, time-steady Euler equations, pre-
sented here in vector form:
∇ · (ρv) = 0 (B1)
∇ · (ρv ⊗ v) +∇P − ρg = 0 (B2)
We then take decompose v into its background component
v˜ and its turbulent component v′′:
∇ · (ρ(v˜ + v′′)) = 0 (B3)
∇ · (ρ(v˜ + v′′)⊗ (v˜ + v′′)) +∇P − ρg = 0 (B4)
Then we take a Reynolds average of the full equation:
∇ · (ρ(v˜ + v′′)) = 0 (B5)
∇ · (ρ(v˜ + v′′)⊗ (v˜ + v′′)) +∇P − ρg = 0 (B6)
Using the rules outlined in the previous section:
∇ · (ρ(v˜ + v′′)) = 0
∇ · (ρv˜ +ρv′′)) = 0
∇ · (ρv˜) = 0 (B7)
And for the momentum equation:
∇ · (ρ(v˜ + v′′)⊗ (v˜ + v′′)) +∇P − ρg = 0
∇ · (ρv˜ ⊗ v˜ +2ρv˜ ⊗ v′′ + ρv′′ ⊗ v′′) +∇P − ρg = 0
∇ · (ρv˜ ⊗ v˜) +∇ · R˜+∇P − ρg = 0.
The divergence term we will transform as
∇ · (ρv˜ ⊗ v˜) = v˜(∇ · (ρv˜)) + ρv˜ · ∇v˜, (B8)
and thus we have
ρv˜ · ∇v˜ +∇ · R˜+∇P − ρg = 0. (B9)
Here R˜ is the Reynolds tensor, the components of which are:
R˜ij = ρv˜′′i v
′′
j (B10)
Expressing Equations (B7) and (B9) in spherical coor-
dinates, we obtain
1
ρ
∂ρ
∂r
+
1
v˜r
∂v˜r
∂r
+
2
r
= 0 (B11)
ρv˜r
∂v˜r
∂r
− ρ v˜φv˜φ
r
+
∂(P + R˜rr)
∂r
+(2− α) R˜rr
r
+ ρ
GM
r2
= 0, (B12)
where α is the degree of isotropy of the turbulence, as defined
in Equation (26).
We can also write this equation in terms of the turbulent
kinetic energy
K =
1
2
∑
i
v˜′′i v
′′
i . (B13)
Assuming ∂K
∂r
= 0 and an isothermal equation of state, we
have
v˜r
∂v˜r
∂r
− v˜φv˜φ
r
+
1
ρ
(
c2T +
2K
1 + α
)
∂ρ
∂r
+
2− α
1 + α
2K
r
+
GM
r2
= 0. (B14)
Let c2eff = c
2
T +
2K
1+α
. Then:
v˜r
∂v˜r
∂r
− v˜φv˜φ
r
+
c2eff
ρ
∂ρ
∂r
+
2− α
1 + α
2K
r
+
GM
r2
= 0. (B15)
Substituting in Equation (B7),(
v˜r − c
2
eff
v˜r
)
∂v˜r
∂r
− v˜φv˜φ
r
− 2c
2
eff
r
+
2− α
1 + α
2K
r
+
GM
r2
= 0.
(B16)
MNRAS 000, 1–13 (2020)
Antesonic Condition 13
Let ξcen = v˜φv˜φ/v
2
esc and ξturb = 2K/v
2
esc. Then:
v˜φv˜φ
r
=
v2esc
r
v˜φv˜φ
v2esc
=
2GM
r2
ξcen (B17)
2− α
1 + α
2K
r
=
2− α
1 + α
v2esc
r
2K
v2esc
=
2− α
1 + α
2GM
r2
ξturb, (B18)
and we have:(
v˜r − c
2
eff
v˜r
)
∂v˜r
∂r
− 2c
2
eff
r
+
GM
r2
Ξ2 = 0 (B19)
Ξ2 = 1− 2ξcen + 22− α
1 + α
ξturb (B20)
Multiplying all terms by 2GM/c4eff , and allowing M˜ =
v˜r/ceff : (
M˜ − M˜−1
) ∂M˜
∂ξeff
− 2
ξeff
+
Ξ2
2ξ2eff
= 0, (B21)
where
ξeff =
c2eff
v2esc
(B22)
APPENDIX C: FAVRE-AVERAGED
SHOCK-JUMP CONDITIONS
We start with the continuity and momentum shock-jump
conditions:
ρ1v1 = ρ2v2 (C1)
ρ1v
2
1 + P1 = ρ2v
2
2 + P2, (C2)
Where v = vr is the radial velocity. As before, we take the
Reynolds average of both equations:
ρ1v1 = ρ2v2
ρ1v˜1 = ρ2v˜2 (C3)
ρ1v21 + P1 = ρ2v
2
2 + P2
ρ1v˜1v˜1 + ρ1v˜′′1 v
′′
1 + P1 = ρ2v˜2v˜2 + ρ2v˜
′′
2 v
′′
2 + P2
ρ1v˜1v˜1 + R˜1 + P1 = ρ2v˜2v˜2 + R˜2 + P2, (C4)
where R = Rrr is the radial Reynolds stress. Assuming there
is no turbulence above the shock, these reduce to
ρ1v˜1 = ρ2v2 (C5)
ρ1v˜1v˜1 + R˜1 + P1 = ρ2v
2
2 + P2. (C6)
Assuming an isothermal EOS and pressureless free-fall above
the shock:
ρ1v˜1 = −ρ2
√
2GM
r
(C7)
ρ1v˜1v˜1 + ρ1
(
c2T +
2K
1 + α
)
= ρ2
2GM
r
ρ1v˜1v˜1 + ρ1c
2
eff = ρ2
2GM
r
. (C8)
From here the solution proceeds analogously to the fully
non-turbulant case; i.e.,
M˜1 = 1
2
(
−ξ−1/2eff +
√
ξ−1eff − 4
)
(C9)
APPENDIX D: GENERALIZED
FAVRE-AVERAGED ANTESONIC CONDITION
Using Equation (C9), we can now solve Equation (B21) for
the antesonic condition:
ξeff =
1
32
(
8Ξ2 +
√
25− 16Ξ2 − 5
)
, (D1)
which, in the limit ξcen  1, ξturb  1, reduces to
ξth +
1
3
ξcen +
1
3
ξturb =
3
16
. (D2)
This paper has been typeset from a TEX/LATEX file prepared by
the author.
MNRAS 000, 1–13 (2020)
